In this paper, we introduce new notions of GP -metric space and GP (Λ,Θ) -contractive mapping and then prove some fixed point theorems for this class of mappings. Our results extend and generalized Banach contraction principle to GP -metric spaces. An example shows the usefulness of our results.
Introduction and preliminaries
In the fixed point theory of continuous mappings, a well-known theorem of Banach [6] states that if (X, d) is a complete metric space and if f is a self-mapping on X which satisfies the inequality d(f x, f y) ≤ kd(x, y) (1.1)
for some k ∈ [0, 1) and all x, y ∈ X, then f has a unique fixed point z and the sequence of successive approximations {f n x} converges to z for all x ∈ X. On the other hand, the condition d(f x, f y) < d(x, y)
does not ensures that f has a fixed point. In the last decades, the Banach's theorem [6] has been extensively studied and generalized on many settings, see for example [7, 9, 10, 13, 14, 15, 16, 17, 20, 25, 27, 32, 34, 35] . Partial metric space is a generalized metric space introduced by Matthews [19] in which each object does not necessarily have to have a zero distance from itself. A motivation is to introduce this space to give a modified version of the Banach contraction principle. Subsequently, several authors studied the problem of existence and uniqueness of a fixed point for mappings satisfying different contractive conditions, for example see [2, 5, 8, 11, 18, 28, 29, 30, 33] .
On the other hand, in 2006 Mustafa and Sims [21] introduced a new notion of generalized metric spaces called G-metric spaces. Based on the notion of a G-metric space, many fixed point results for different contractive conditions have been presented, for more details see [1, 4, 22, 23, 24, 26, 31] . Recently, based on the two above notions, Zand and Nezhad [36] introduced a new generalized metric space as both a generalization of a partial metric space and a G-metric space. Following this direction of research, Aydi et al. [3] established some fixed point results in GP -metric spaces which were first fixed point results in GP -metric spaces.
In the present work, we introduce new notions of GP -metric space and GP (Λ,Θ) -contractive mappings and study some fixed point results for GP (Λ,Θ) -contractive mappings in GP -metric spaces. Some fundamental properties of the proposed metric are studied.
A (totally) ordered (abelian) group G is an additive group on which is defined an order relation < such that if a < b, then a + c < b + c, for all a, b, c ∈ G. We write ≤ for < or =, and denote by G + the set of nonnegative elements of G. In the sequel, the letters R, R + , Z + and N will denote the set of all real numbers, the set of all nonnegative real numbers, the set of all nonnegative integer numbers and the set of all positive integer numbers, respectively.
Definition 1.1 ([12]
). Let G be an ordered group. An ordered group metric (or OG-metric) on a nonempty set X is a symmetric nonnegative function d G from X × X into G such that d G (x, y) = 0 if and only if x = y and such that the triangle inequality is satisfied; the pair (X, d G ) is an ordered group metric space (or OG-metric space).
Definition 1.2 ([36]
). Let X be a non empty set and G be an ordered group. A function G p : X ×X ×X −→ G + is called an ordered group partial metric (or OGP -metric) if the following conditions are satisfied:
Then the triple (X, G, G p ) is called an OGP -metric space.
For example we can place G + = Z + or R + . In the case G + = R + , the triple (X, R, G p ) will often be denoted by (X, G p ) and is called a GP -metric space. In the sequel, for simplicity we assume that G + = R + .
Example 1.3 ([36]
). Let X = R + = G + and define G p (x, y, z) = max{x, y, z}, for all x, y, z ∈ X. Then (X, G p ) is a GP -metric space.
Proposition 1.4 ([36]
). Let (X, G p ) be a GP -metric space, then for any x, y, z and a ∈ X it follows that
Example 1.6. Let X = R + = G + and define G p (x, y, z) = max{x, y, z}, for all x, y, z ∈ X. Then (X, G p ) is a GP -metric space and D G P (x, y) = |x − y| for all x, y ∈ X.
Definition 1.7 ([36]
). Let (X, G p ) be a GP -metric space and let {x n } a sequence of points of X. A point x ∈ X is said to be the limit of the sequence {x n } or
If G p (x, x, x) = 0 we say that the sequence {x n } is 0-GP -convergent to x.
Proposition 1.8 ([36]
). Let (X, G p ) be a GP -metric space. Then, for any sequence {x n } in X and a point x ∈ X the following are equivalent:
From the definition of D G P , we deduce the following proposition. (S2) A GP -metric space (X, G p ) is said to be GP -complete if and only if every GP -Cauchy sequence in X is GP -convergent to some
Lemma 1.13. Let (X, G) be a GP -metric space and {y n } ⊂ X be a sequence such that
for some λ ∈ [0, 1) and each n ∈ N. Then {y n } is a GP -Cauchy sequence in X such that
Proof. For any m > n, by (GP4) and (1.2), we get
This implies that lim m,n→+∞ G p (x n , x m , x m ) = 0, that is, {x n } is a GP -Cauchy sequence.
Definition 1.14. Let (X, G p ) be a GP -metric space. A mapping f : X → X is 0-GP -continuous when
Main Results
At first, we define the following notions.
Definition 2.1. Let f : X → X and Θ, Λ : X × X × X → R + be two functions and λ > 0, θ ≥ 0 such that 0 ≤ θ λ < 1. We say that f is (Λ, Θ)-admissible if
x, y, z ∈ X and Λ(x, y, z) ≥ λ imply Λ(f x, f y, f z) ≥ λ and x, y, z ∈ X and Θ(x, y, z) ≤ θ imply Θ(f x, f y, f z) ≤ θ.
Definition 2.2. Let (X, G p ) be a GP -metric space and f : X → X be a (Λ, Θ)-admissible mapping. f is a hybrid GP (Λ,Θ) -contractive mapping if
for all x, y, z ∈ X where L ≥ 0 and
From the definition of a hybrid GP (Λ,Θ) -contractive mapping, we deduce the following lemma.
Lemma 2.3. Let (X, G p ) be a GP -metric space and f : X → X a hybrid GP (Λ,Θ) -contractive mapping. The following hold:
(i) if z ∈ X is a fixed point of the mapping f , then G p (z, z, z) = 0;
(ii) if z, w ∈ X are fixed points of the mapping f such that Θ(z, w, w) ≤ θ < λ ≤ Λ(z, w, w), then z = w.
Theorem 2.4. Let (X, G p ) be a GP -metric space such that (X, G p ) is GP -complete and f is a 0-GPcontinuous hybrid GP (Λ,Θ) -contractive mapping. If there exists x 0 ∈ X such that Λ(x 0 , f x 0 , f x 0 ) ≥ λ and Θ(x 0 , f x 0 , f x 0 ) ≤ θ. Then f has a fixed point in X.
Proof. Let x 0 ∈ X such that Λ(x 0 , f x 0 , f x 0 ) ≥ λ and Θ(x 0 , f x 0 , f x 0 ) ≤ θ. Define a sequence {x n } in X by x n = f x n−1 for all n ∈ N. Since f is a (Λ, Θ)-admissible mapping and Λ(x 0 , x 1 , x 1 ) = Λ(x 0 , f x 0 , f x 0 ) ≥ λ, we deduce that Λ(x 1 , x 2 , x 2 ) = Λ(f x 0 , f x 1 , f x 1 ) ≥ λ. By continuing this process, we get Λ(x n , x n+1 , x n+1 ) ≥ λ for all n ∈ N ∪ {0}. Similarly, Θ(x n , x n+1 , x n+1 ) ≤ θ for all n ∈ N ∪ {0}. Also, if x n−1 = x n then x n is a fixed point for f and we have nothing to prove and so we assume that x n−1 = x n for all n ∈ N. That is G p (x n , x n+1 , x n+1 ) > 0 for all n ∈ N ∪ {0} and hence
Now, using (2.1) with x = x n−1 and y = z = x n , we get
and hence
Since, 0 ≤ θ λ < 1, by Lemma 1.13, we deduce that {x n } is a GP -Cauchy sequence such that
That is, the sequence {x n } is 0-GP -convergent to z. Now, using the 0-GP -continuity of the mapping f and Proposition 1.4 (ii), we get
by Lemma 1.12, this yields z = f z.
For hybrid GP (Λ,Θ) -contractive mappings that are not 0-GP -continuous we have the following result.
Theorem 2.5. Let (X, G p ) be a GP -metric space such that (X, G p ) is GP -complete and f is a hybrid GP (Λ,Θ) -contractive mapping. Assume that the following conditions hold:
(ii) if {x n } is a sequence in X such that Λ(x n , x n+1 , x n+1 ) ≥ λ and Θ(x n , x n+1 , x n+1 ) ≤ θ for all n ∈ N and x n → z ∈ X, then Λ(x n , z, z) ≥ λ and Θ(x n , z, z) ≤ θ for all n ∈ N ∪ {0}.
Then f has a fixed point.
Proof. Let x 0 ∈ X such that Λ(x 0 , f x 0 , f x 0 ) ≥ λ and Θ(x 0 , f x 0 , f x 0 ) ≤ θ. Define a sequence {x n } in X by x n = f n x 0 = f x n−1 for all n ∈ N. Following the proof of the Theorem 2.4, we can say that {x n } is a GP -Cauchy sequence such that Λ(x n , x n+1 , x n+1 ) ≥ λ and Θ(x n , x n+1 , x n+1 ) ≤ θ for all n ∈ N ∪ {0}. Since X is GP -complete, then there is z ∈ X such that the sequence {x n } 0-GP -converges to z. Then by (ii), we get Λ(x n , z, z) ≥ λ and Θ(x n , z, z) ≤ θ for all n ∈ N ∪ {0}. Now, we suppose that there exists n 0 ∈ N such the following inequalities hold:
These relations imply
Then, by Proposition 1.4 (iii) and (2.2), we have
which is a contradiction. Thus, for all n ∈ N, either
holds for every n ∈ N. Assume that the first of the previous inequalities holds for all n ∈ J ⊂ N. If J is an infinite set, then using the contractive condition (2.1) and condition (ii), we deduce that
holds for all n ∈ J.
Since the sequence {x n } 0-GP -converges to z, we deduce
Letting n → +∞ with n ∈ J, in the previous inequality, we obtain that
Hence, f has a fixed point. If J is a finite set, we obtain the same result by considering the second inequality.
Example 2.6. Define a GP -metric G p on X = R + by G p (x, y, z) = max{x, y, z}. Let f : X → X be defined by
and Λ, Θ : X × X × X → R + be defined by
and Θ(x, y, z) = 1 3 .
Now, we prove that all the hypotheses of Theorem 2.5 are satisfied and hence f has a fixed point; but Banach contraction principle, with respect to the metric D G P , cannot be applied to f .
Proof. Let x, y, z ∈ X, if Λ(x, y, z) ≥ Now, if {x n } is a sequence in X such that Λ(x n , x n+1 , x n+1 ) ≥ 2/3 and Θ(x n , x n+1 , x n+1 ) ≤ 1/3 for all n ∈ N ∪ {0} and x n → z as n → +∞. Then {x n } ⊆ [0, 1] and hence z ∈ [0, 1]. This implies that Λ(x n , z, z) ≥ 2/3 and Θ(x n , z, z) ≤ 1/3 for all n ∈ N ∪ {0}.
max{x, y, z} = Θ(x, y, z)G p (x, y, z).
Otherwise, Λ(x, y, z) = 0 and so 0 = Λ(x, y, z)G p (f x, f y, f z) ≤ Θ(x, y, z)G p (x, y, z).
Then, f is a hybrid GP (Λ,Θ) -contractive mapping that satisfies all the conditions of Theorem 2.5 and hence f has a fixed point. Now, let d = D G P . By Example 1.6, we have d(x, y) = |x − y| for all x, y ∈ X. For x = e and y = 0, we deduce d(f e, f 0) = 7 2 > k e = k d(e, 0)
for all k ∈ [0, 1) and so Banach contraction Principle cannot be applied to f .
Adding to Theorem 2.5 some hypotheses we can obtain the uniqueness of the fixed point.
Theorem 2.7. Let all the conditions of Theorem 2.4 (or Theorem 2.5) be satisfied. If the following condition holds:
(j) for all z, w ∈ X such that z = f z and w = f w, we have Λ(z, w, w) ≥ λ and Θ(z, w, w) ≤ θ, then f has a unique fixed point.
Proof. Follows by Theorem 2.4 (or Theorem 2.5) and Lemma 2.3.
If in Theorem 2.4 and Theorem 2.5 we take Λ(x, y, z) = 1, Θ(x, y, z) = θ where θ ∈ [0, 1) and L = 0, then we deduce the Banach contraction principle in the setting of GP -metric spaces.
Corollary 2.8. Let (X, G p ) be a GP -complete GP -metric space and f be a self-mapping on X. Assume that there exists θ ∈ [0, 1), such that G p (f x, f y, f z) ≤ θG p (x, y, z)
for all x, y, z ∈ X. Then f has a unique fixed point.
